Abstract. We perform a forecast analysis of the capability of the eLISA space-based interferometer to constrain models of early and interacting dark energy using gravitational wave standard sirens. We employ simulated catalogues of standard sirens given by merging massive black hole binaries visible by eLISA, with an electromagnetic counterpart detectable by future telescopes. We consider three-arms mission designs with arm length of 1, 2 and 5 million km, 5 years of mission duration and the best-level low frequency noise as recently tested by the LISA Pathfinder. Standard sirens with eLISA give access to an intermediate range of redshift 1 z 8, and can therefore provide competitive constraints on models where the onset of the deviation from ΛCDM (i.e. the epoch when early dark energy starts to be non-negligible, or when the interaction with dark matter begins) occurs relatively late, at z 6. If instead early or interacting dark energy is relevant already in the pre-recombination era, current cosmological probes (especially the cosmic microwave background) are more efficient than eLISA in constraining these models, except possibly in the interacting dark energy model if the energy exchange is proportional to the energy density of dark energy.
Contents 1 Introduction
With the first direct detection of gravitational waves (GWs) by the LIGO/Virgo collaboration [1] [2] [3] the era of GW astronomy has begun. The information gathered from present and future GW observations will improve our understanding of the astrophysical objects emitting the GW signal, of the origin and evolution of the universe and its structure, and of the gravitational interaction. Earth-based detectors, such as the advanced LIGO [4] and Virgo [5] interferometers, target the GW frequency window 10 − 1000 Hz, while pulsar timing arrays (PTA), such as the ones united under the International Pulsar Timing Array (IPTA) collaboration [6] , probe much lower frequencies around 10 −9 −10 −8 Hz. In order to fill the gap in frequency between Earth-based interferometers and PTA, space-born GW observatories have been proposed, which will be able to reach high sensitivity in the frequency band 10 −4 − 10 −1 Hz. Such range of frequencies in the GW landscape is supposed to be rich of astrophysical sources and it is yet completely unexplored. In particular the strong GW signal emitted by merging massive black hole binaries (MBHBs) from 10 4 to 10 7 solar masses is expected to fall exactly within the frequency band targeted by space-born detectors. Since such massive black holes are believed to reside at the centre of galaxies, observing the GW signal they emit will help to better understand the formation and evolution of galaxies and cosmic structures.
In 2013, the European Space Agency has approved a GW observatory in space as the L3 mission of its "Cosmic Vision Program" scheduled for launch around 2030-2034, for which the "evolved LISA" (eLISA) space-based interferometer is the main candidate [7, 8] . eLISA is designed to probe the GW landscape around the mHz region where the signal produced by MBHBs is expected to be the loudest. The final design of the mission, which is composed by three satellites orbiting around the Sun in an equilateral triangular formation, has not been decided yet, and some variables are still under considerations (see e.g. [9] ): the number of laser links between the satellites (four or six), corresponding to the number of active arms (two or three); the arm-length of the triangle (from one to five million km); and the duration of the mission (two or five years). The eLISA low-frequency noise level (another of the variables previously considered) has been recently tested by the LISA Pathfinder mission [10] , and according to the first results [11] the expected noise is almost one hundred times better than the original requirement for the instrument.
In an earlier work, Ref. [12] , we have studied the capability of eLISA in probing the acceleration of the universe by means of MBHB mergers as standard sirens, i.e. as sources of known distance [13] [14] [15] . We have derived eLISA constraints on standard cosmological models: ΛCDM, dynamical dark energy, non-zero spatial curvature and so on. In the present paper, we specifically consider alternative scenarios to explain the acceleration of the universe: in particular, we study early and interacting dark energy models, see sections 2 and 3. The principle of standard sirens is the following. The measured GW waveform depends directly on the luminosity distance of the source, and thus parameter estimation allows to infer the distance to the source for every GW event detected. If subsequent electromagnetic (EM) observations are able to identify an EM counterpart, then one is able to obtain a measure of the source redshift and thus a point in the distance-redshift space. Once a sufficient number of standard sirens is observed, the theoretically predicted distance-redshift relation can be compared against the data and constraints on the cosmological parameters can be statistically inferred. We assume spatial flatness throughout the paper, so that
where c is the speed of light and H(z) is the Hubble rate. The analysis presented here is meant to complete the one performed in [12] . We concentrate on early (EDE) and interacting (IDE) dark energy, but use the same standard siren catalogues that have been obtained in [12] starting from simulated rates of MBHB mergers detectable by different eLISA configurations, and considering realistic scenarios for the observation of the EM counterparts, based on the capabilities of future EM telescopes (LSST, SKA, ELT). Here we also consider the same three astrophysical models of MBHB formation and evolution appearing in [12] , namely a light seeds model (popIII), a heavy seeds model with delay (Q3d) and a heavy seeds model without delay (Q3nod) (see also [9] and references therein for more information). We present separate results for all these models. The number of standard sirens for each MBHB formation scenario has been selected under the hypothesis that the sky localisation of the event can be achieved using also the merger and ringdown phases of the signal. In this procedure the telescopes can be pointed only after the merger to look for a distinctive signature, therefore one implicitly assumes that there is a delay between the merger and the flare, or that the electromagnetic signal is persistent and peculiar enough that it can be confidently identified also minutes to hours after merger. This procedure was labelled the "optimistic scenario" in [12] . Moreover, the statistical methods employed to handle the simulated data coincide with the ones adopted in [12] : in particular we perform a Fisher matrix analysis and obtain constraints and contour plots following the procedures exposed in [12] .
Differently from [12] , in what follows we consider only three eLISA configurations, letting the arm-length to vary as one (A1), two (A2) and five (A5) million km, but fixing the number of laser links to six (L6), the mission duration to five years (M5) and the low-frequency noise to the LISA Pathfinder "expected" one (N2) (see [12] and [9] for details). The reasons for this choice are the following:
• The aim of the present paper is not to carefully analyse all possible eLISA configurations to understand the science return of each of them (as it was in [12] ), but rather to investigate simple extensions of the ΛCDM model in order to understand the pros and cons of the eLISA mission in probing alternative cosmological models.
• According to the results of [12] , four-link (two arms) configurations perform much worse than six-link (three arms) configurations in providing a sufficiently high number of MBHB standard sirens for cosmology. We therefore ignore four-link configurations since we expect that they will not be able to give meaningful constraints on the parameters of alternative cosmologies beyond ΛCDM.
• The number of detections, and thus the number of standard sirens, scales linearly with the mission duration: the longer the mission, the higher the number of datapoints. In analogy with the investigation of [12] we thus only focus on a mission of five years 1 .
• Finally we only consider the "expected" low-frequency noise from LISA Pathfinder, called N2 [9, 12] . According to the first results of the mission [11] this requirement has been met at frequencies f > 1 mHz, while at lower frequencies the situation is still open: however one can optimistically forecast that the N2 noise level, if not a better one, will be finally achieved over the whole frequency spectrum.
The configuration with two million km arms, denoted N2A2M5L6, will be taken as our reference design for eLISA upon which the majority of subsequent results are based. When we need to pick a specific MBHB formation model, we choose the popIII scenario which is the one providing an intermediate number of standard sirens.
In what follows we first investigate EDE in section 2 and then analyse two different models of IDE in section 3. We have chosen EDE and IDE as alternative cosmological models because they are simple one-parameter extensions of ΛCDM and they allow to better expose the advantages of eLISA in probing the expansion of the Universe at high redshift. In the following, we set the fiducial values of the parameters to Ω 0 m = 0.3, w 0 = −1, h = 0.67, Ω e de = 0, 1 = 0, 2 = 0. Section 4 contains discussions and conclusions.
Early dark energy
In early dark energy models, first proposed in [16] , the dark energy component evolves with redshift in such a way that it gives a non-negligible contribution also at early times, contrary to ΛCDM or other dynamical dark energy models where typically dark energy plays no role for redshift higher than about one. Early dark energy models can be probed by measuring the distance-redshift relation Eq. (1.1). Ignoring the contribution of relativistic components and assuming spatial flatness, one can write
where Ω 0 m and H 0 are the present matter fraction and Hubble parameter and Ω de (z) is the relative energy density of DE evolving in time, or equivalently over the redshift z: Ω de (z) = ρ de (z)/ρ tot (z). [18] , with the cut of EDE set to z = 6, is also shown for comparison (dotted-dashed red line). The dotted black line represents ΛCDM.
The most widely used parameterization of Ω de has been proposed in [17] :
where w 0 and Ω 0 de are the present values of respectively the equation of state (EoS) and relative energy density of dark energy, the latter being related to Ω 0 m through Ω 0 de = 1 − Ω 0 m . The parameter Ω e de characterizes the amount of dark energy present at early times z 1, which remains constant also in the very early universe, before recombination.
Here we analyse a parametrisation modified with respect to the one in Eq. (2.2), which allows us to investigate how the constraints change if Ω de is non-negligible only for a limited amount of time in the past, instead of contributing beyond recombination as in the above model (2.2). We will see that for eLISA the two models are equivalent as soon as the redshift at which early dark energy starts to contribute is sufficiently high: higher than about 6, as we will demonstrate. Therefore, even though the parametrisation in our analysis is different, we derive also eLISA constraints on the model (2.2).
The scenario in which EDE is non-negligible only for a limited amount of time in the past was first proposed in Ref. [18] , which analyses how CMB constraints are affected by a variation of the epoch at which early dark energy starts to contribute. The model we consider here is somewhat different from those presented in [18] , and shares some similarity with what done in Ref. [19] in the case of Baryon Acoustic Oscillations (BAO). We let the universe become ΛCDM at redshift z > z e , such that:
where z e determines the redshift up to which dark energy causes deviation from the usual ΛCDM expansion history, while for z > z e the standard ΛCDM evolution is recovered; see Fig. 1 . This corresponds to model EDE3 of [18] except that the universe does not go back to ΛCDM at late time a > a c : in EDE3 early dark energy is present only in the time interval between z c < z < z e , with z e a parameter and z c fixed by continuity; cf. Fig. 1 . Ref. [19] instead considers a model in which the sound horizon is kept fixed at the fiducial ΛCDM value, meaning that early dark energy is negligible in the pre-recombination era and approaches the evolution of Eq. (2.2) later in the matter era: this would correspond to our model (2.3) with sufficiently high z e . The reason why we have chosen to consider model (2.3) is the following. As pointed out in [18] , CMB observations are mainly sensitive to deviations from ΛCDM at very high redshift: the CMB provides therefore very good constraints on Ω e de for the model (2.2), as demonstrated also by the Planck analysis [20] . Ref. [20] furthermore analyses the model EDE3 of [18] , where early dark energy is relevant only in the time interval between z c < z < z e : in this case, the constraint on Ω e de seriously degrades as z e decreases, because the CMB is less effective in constraining the late-time evolution of the universe (c.f. Fig. 11 of [20] ). Even though EDE3 is not exactly the same model as Eq. (2.3), one expects the CMB constraints obtained for EDE3 to equally apply to our parameterisation if z e is sufficiently small, say z e 10, precisely because CMB observations are mainly sensitive to deviations from ΛCDM only at very high redshift (and not at z < z e ). On the other hand, eLISA will be able to probe the redshift range 0 < z 8, because the redshift distribution of standard sirens extends in this interval: c.f. Fig. 9 of Appendix A, and the analysis of [12] . We therefore expect any deviation from ΛCDM in the cosmic evolution happening at z 8 to be best constrained by eLISA. Hence the EDE model (2.3), where the energy density of DE gives a non negligible contribution up to today, should be well tested by the eLISA mission. If instead the cosmic expansion history is not distinguishable from ΛCDM in the range 0 < z 8, as can happen in EDE3, no constraint can be put by eLISA on any parameter beyond ΛCDM (as Ω e de ). This is our main motivation for considering the parametrisation (2.3) as opposed to EDE3: it can be well constrained by eLISA, the constraints can be compared with those obtained using the CMB both if z e → ∞ and if z e 10, but at the same time they can also be compared with late-time constraints such as those, for example, given by BAO [19] and 21-cm [21] .
In the following analysis we choose different values of z e , namely z e = 1, 2, 3, 4, 6 and z e 6: as we will see, this latter is effectively equivalent to z e → ∞, i.e. to model (2.2) because eLISA will not be sensitive to transitions occurring after a redshift of about six. We investigate five cosmological models based on Eq. (2.3):
1. A four-parameter model where every independent parameter is free: Ω 0 m , h, w 0 , Ω e de ;
2. Three three-parameter models where one parameter among Ω 0 m , h and w 0 is fixed to its fiducial value and the others are free, together with Ω e de ;
3. Three two-parameter models where one couple of parameters among Ω 0 m , w 0 , h, Ω e de is fixed to its fiducial values and the other couple is free; 4. A one-parameter model where all ΛCDM parameters Ω 0 m , h and w 0 are fixed and only Ω e de is free.
Note that since we are studying extensions to ΛCDM, Ω e de is always considered as a free parameter: fixing Ω e de to zero would reduce to the analysis already performed in [12] where Table 1 . Standard 1σ errors on early DE for N2A2M5L6. In the left table early DE is present only up to z = 2, while in the right table it is present only up to z = 6. In each row of the table, the top sub-row shows the errors for light seeds (popIII), the central sub-row for heavy seeds with delays (Q3d) and the bottom sub-row for heavy seeds without delays (Q3nod). Empty entries mean that the corresponding parameter has been fixed to its fiducial value (exact prior).
the resulting constraints on Ω 0 m , h and w 0 can be found. On the other hand, z e is not taken as a free parameter but as a variable of the model. Whenever z e 10, CMB observations cannot really constrain the model since they are sensitive only at high redshift (c.f. Fig. 11 of [20] ). Fixing the ΛCDM parameters to their fiducial values when z e 10 can therefore be considered equivalent to imposing a CMB prior.
The forecast constraints that one can obtain with the eLISA configuration N2A2M5L6 are summarized in Table 1 for z e = 2 and z e = 6. We stress that, since eLISA will probe only the redshift range up to z 8, any model with z e 8 will have the same constraints. In practice, as we will see, our analysis shows that already after z 6 the constraints on Ω e de stabilize: for this reason z e 6 or z e → ∞ are equivalent from the point of view of the constraints.
Notice in Table 1 the difference between the cases z e = 2 and z e = 6 when all four parameters are free to vary (first row): the case z e = 2 is poorly, but at least slightly constrained, while the case z e = 6 is not at all constrained (errors bigger than 100% of the parameter fiducial values). This is due to the fact that the parameters Ω 0 m and Ω e de are degenerate (as shown by Eqs. (2.1) and (2.2)), combined with the fact that the redshift distribution of standard sirens extends up to z 8 and there are in general few events at low redshift (this depends somewhat on the MBHB formation model: see Appendix A for the redshift distribution of standard sirens). For z > z e , the standard sirens data are effectively constraining a three parameter model because Ω e de is zero and the expansion is the same as ΛCDM. Fixing z e = 2 allows therefore for a better measurement of the three ΛCDM parameters from the majority of the standard sirens data at high redshift, and in turn also of Ω e de due to the degeneracy with Ω 0 m . On the other hand, when z e = 6 the majority of the standard sirens data are effectively constraining the full four-parameter cosmological model, thus the accuracy with which the parameters can be determined is worse than in the z e = 2 case.
This effect can be understood also by comparing for example the 5th to 7th rows of Table 1 (two-parameter models). Fixing both h and w 0 to their fiducial values (5th row of Table 1 ) improves the constraints with respect to the four parameter model but does not break the degeneracy among Ω 0 m and Ω e de : for this reason, the case z e = 6 still has larger errors than the case z e = 2. On the other hand, when Ω 0 m is fixed together with another parameter (rows six and seven of Table 1 ), the case z e = 6 becomes better constrained than the case z e = 2: the degeneracy has been broken by fixing Ω 0 m and more standard sirens are available if z e = 6 to help constrain the EDE model. The same behaviour is observed in rows two to four of Table 1 (three-parameter models), although it is less evident and can depend on the MBHB formation scenario.
In Fig. 2 we show 2σ contour plots for the two-parameter models (Ω e de , Ω 0 m ), (Ω e de , h) and (Ω e de , w 0 ). The figure represents all three MBHB models for the configuration N2A2M5L6, and both cases z e = 2 and z e = 6. The contour plots in the (Ω e de , Ω 0 m ) plane clearly show the degeneracy between these two parameters and how is it improved by choosing z e = 2 instead of z e = 6. On the other hand, when Ω 0 m is fixed to its fiducial value (which at these redshift can be considered equivalent to setting a CMB prior), the degeneracy with Ω e de is broken and the constraints improve; however, there remains some level of degeneracy among Ω e de and respectively h and w 0 , as can be appreciated from the second and third rows of figure 2. Fig. 3 shows how the accuracy in determining the parameters Ω e de and w 0 changes with different values of z e . We consider the three eLISA configurations with 6-links, noise N2 and varying arm-length, and the three MBHB formation models. The left column shows the oneparameter model with Ω e de only and the right column the two-parameter model with both Ω e de and w 0 . Since Ω 0 m is fixed, the errors always decrease with increasing z e because of the higher number of standard sirens available for the measurement 2 (cf. Appendix A). However they stabilise around z e = 6 and do not change appreciably if z e 6: the constraining power of eLISA cannot improve further due to the reduced number of standard sirens after z 6 (c.f. redshift distributions in Appendix A).
Comparison with present constraints
The errors on Ω e de for z e ≥ 6 when all other parameters are held fixed are more than one order of magnitude worse than the ones presently available from CMB observations [22] , in particular if compared with the latest Planck results [20] which provide a 2σ uncertainty on Ω e de of 0.0036. In the same regime, i.e. when early dark energy is relevant back to the pre-recombination era and the sound horizon is therefore rescaled, BAO measurements do 2 Note that the error on w0 in the model heavy seeds with delay (Q3d) actually increases going from ze = 1 to ze = 2. This is due to the fact that for Q3d there is a very low number of standard sirens with z < 1 (see Appendix A). Thus, when ze = 1, almost all the data are effectively constraining a one-parameter model where Ω e de = 0 and only w0 is left free to vary, providing in this manner a good constraint on w0. However, for ze ≥ 2 the number of standard sirens constraining the full two-parameter model is sufficiently high so that both ∆Ω e de and ∆w0 decrease as ze increases. This suggests that there exists a redshift between 1 and 2 where the error on w0 is the highest. The fact that this effect does not appear in the other BH models is due to the higher number of standard sirens at low redshift: it shows that in those cases the redshift at which ∆w0 is largest happens to be below z = 1 . not improve on CMB constraints since they are plagued, as we are, by the strong degeneracy between Ω 0 m and Ω e de . Forecasts for 21-cm probes instead give a constraint better than 10% on Ω e de , according to [21] . In summary, if z e 10, present CMB experiments already perform way better than what eLISA will be able to provide. On the other hand, CMB observations are unable to give significant constraints whenever z e 10 [18, 20] , while the constraints on Ω e de by eLISA outlined in Table 1 become competitive when z e is sufficiently low. This highlights the main strength of eLISA in testing alternative cosmological models: if deviations from ΛCDM occur only in the range z 6, eLISA has higher constraining ability than CMB probes and can therefore be considered as complementary to them. If instead z e 6, eLISA cannot compete with CMB probes. Concerning BAO measurements, they provide stronger constraints than eLISA only in the case when the sound horizon is held fixed at the fiducial ΛCDM value (i.e. early dark energy becomes relevant at some point in the matter-dominated era): Ref. [19] finds ∆Ω e de = 0.031 at 2σ. If this is not the case, present BAO observations perform worse than future eLISA. Finally SNIa observations are not expected to significantly improve constraints on early dark energy because they rely on measurements at low redshift.
Interacting dark energy
Interacting dark energy (IDE) models have been first proposed to help alleviate the coincidence problem [23, 24] , and have been widely studied in the literature because they seem to be favoured by present cosmological data, especially when redshift space distortions (RSD) are included in the datasets used to establish the constraints (c.f. discussions in Sec. 3.1 and 3.2). In IDE one introduces a coupling between DE and DM that at the background level modifies the conservation equations asρ dm + 3Hρ dm = Q , (3.1)
where an over-dot stands for differentiation with respect to cosmic time and Q defines the amount of energy exchanged between the two dark fluids. In what follows we neglect the baryonic and radiation contributions and consider two terms for the energy exchange, that we denote respectively IDE1 and IDE2:
These are the simplest phenomenological models of IDE and have been extensively investigated in the literature (see e.g. [25] for a recent review). The purpose of the present analysis is to test the ability of eLISA in constraining a possible interaction in the dark sector, not to distinguish between different interacting models: we therefore do not consider more elaborated IDE models. Note that standard sirens, similarly to SNIa, only probe the expansion of the universe at the background level and thus in our analysis there is no need to specify the fully covariant form of the interactions defined by Eq. (3.3). We therefore do not need to worry about possible covariantization issues [26] [27] [28] [29] or instabilities at the perturbation level [30] [31] [32] . Consequently, we leave the parameters 1 and 2 free to take both positive and negative values, and their sign does not have to be connected to the value of w 0 : these restrictions are necessary for analyses that need to perturb the dark fluids because they take into account observational probes of cosmological perturbations (CMB, BAO, RSD...) [30, 31, 33, 34] . It is clear that any realistic model of IDE needs to be stable under perturbations, but here we prefer to show the plain result of our analysis without setting any stability prior on parameters. Since standard sirens only probe the background, their constraining power is not optimal compared to other combined probes, as we will see; however, we have the advantage of being general, in the sense that any IDE model which reduces to (3.3) at the background level, independently of the full form of its interacting exchange four-vector, can be constrained by the results that follow. 
for IDE1 and
6)
for IDE2, where ρ 0 dm and ρ 0 de are the values of the energy densities at z = 0. For negative values of 1 the energy flows from dark matter to dark energy, and for positive values of 2 the energy flows from dark energy to dark matter. Inserting the above equations into the Friedmann equation one obtains
for IDE2, which have to be inserted in the distance-redshift relation (1.1) in order to fit the standard sirens data. Note that in both IDE models the interaction is between dark energy and dark matter only, without baryons. Therefore in Eq. (3.8) Ω 0 m should in reality be the parameter Ω 0 dm = ρ 0 dm /ρ 0 tot . Here we neglect this fact and write Eq. (3.8) in terms of the total Ω 0 m : this introduces an error, but since standard sirens only probe the background evolution and not the growth of structure we expect this error to be small.
As for EDE, we consider IDE models where the interaction between dark energy and dark matter is negligible for redshift higher than some reference redshift z i , see e.g. [35, 36] . For such models the Hubble rate is given by Eq. (3.8) (or Eq. (3.9)) only up to z i , while for higher redshift it is set to its ΛCDM behaviour. In other words the evolution of Ω de (z) = ρ de (z)/ρ tot (z) (and consequently of Ω dm ) is modified only up to z i , and goes to ΛCDM for higher redshifts; see Fig. 4 . Similarly to EDE, a late time interaction in the dark sector cannot be efficiently constrained by CMB data (see e.g. [36] ). This is again the main motivation for considering IDE models with a given z i : in this case standard sirens data, probing the expansion in the redshift range 0 < z 8, can reveal useful to strengthen the constraints derived from CMB. For example, Ref. [36] analyses the IDE2 model fixing w 0 = −1 and letting the interaction parameter 2 take different values in different redshift bins: for a single bin (corresponding to our model) with z i = 0.9, they find that a null interaction is excluded at 99% confidence level. This result is obtained combining Planck data with RSD, and shows that an IDE model where the interaction switches on at late times is a possible solution to the tension that arises in ΛCDM between CMB and RSD data.
In the following analysis we consider again different values of z i , namely z i = 1, 2, 3, 4, 6 and z i 6: with the latter effectively equivalent to z i → ∞, for the same reasons discussed in Sec. 2 for EDE. For both IDE models, we investigate the following scenarios:
1. A four-parameter model where every parameter is free: Ω 0 m , h, w 0 and 1 (or 2 );
2. Three three-parameter models where one parameter among Ω 0 m , h and w 0 is fixed to its fiducial value and the others are free, together with 1 (or 2 ); 3. Three two-parameter models where one couple of parameters among Ω 0 m , w 0 , h, 1 (or 2 ) is fixed to its fiducial values and the other couple is free; 4. A one-parameter model where all ΛCDM parameters Ω 0 m , h and w 0 are fixed and only 1 (or 2 ) is free.
We stress again that since we are studying extensions to ΛCDM, 1 and 2 are always considered as free parameters: fixing 1 (or 2 ) to zero would reduce the analysis to the standard cosmology one performed in [12] .
IDE1
Let us start from IDE1. Standard 1σ errors for the eLISA configuration N2A2M5L6 are shown in Table 2 . The situation is quite similar to the EDE case of Sec. 2: because of the strong degeneracy between Ω 0 m and 1 , the errors in the four-parameter model increase if IDE is present up to higher redshift, as shown in the first row of Table 2 . The z i = 2 errors are smaller than the z i = 6 ones because in the first case the data are effectively constraining a three-parameter model (with parameters Ω 0 m , h and w 0 ) for z > 2, where the majority of standard sirens is (see Appendix A), partly bypassing degeneracies between 1 and the other parameters. Moreover, Table 2 shows that whenever Ω 0 m is fixed to its fiducial value, the errors do decrease going from z i = 2 to z i = 6, as expected: this is clear in rows six and seven of Table 2 . Standard 1σ errors on the parameters of IDE1 for the eLISA configuration N2A2M5L6. In the left table the interaction is present only up to z = 2, while in the right table it is present only up to z = 6. In each row of the table, the top sub-row shows the errors for light seeds (popIII), the central sub-row for heavy seeds with delays (Q3d) and the bottom sub-row for heavy seeds without delays (Q3nod). Blank entries mean that the corresponding parameter has been fixed to its fiducial value (exact prior).
to its fiducial value in the three-parameter models, the degeneracy among the parameters remains, as can be appreciated in the 3rd and 4th rows of Table 2 , where the errors are still bigger in the z i = 6 case. In Appendix B we present the marginalised contour plots for the three-parameter models when z i 6 (see Fig. 10 ) and discuss further the degeneracies of these models. Table 2 . The degeneracy among Ω 0 m and 1 is still evident but less serious than in the EDE case.
In Fig. 6 we compare models with different z i by means of 1σ errors on 1 and w 0 . As for the EDE case, we consider the three eLISA configurations with 6-links, noise N2 and varying arm-length, and the three MBHB formation scenarios. The left column represents the oneparameter model with 1 and the right column the two-parameter model with both 1 and w 0 . As expected when fixing Ω 0 m , the constraints on both parameters improve as z i grows 3 . They stabilise around z i = 6 and do not change appreciably if z i 6: the constraining power of eLISA cannot improve further due to the reduced number of standard sirens after z 6.
Comparison with present constraints
The present status of constraints on the IDE1 model is that the cosmological data show a tendency to prefer a small positive interaction 1 > 0 with w < −1, although the significance is often low and depends on the combination of datasets chosen for the analysis. We give some examples of latest analyses, which only consider the case where the interaction is present also far in the past, z i → ∞. Ref. [37] analyses the IDE1 model with λ 1 = 1 /3 and finds λ 1 = 0.0006628
−0.000592 and w 0 = −1.069 +0.0268 −0.0152 at 1σ, when all probes are combined (Planck+SNIa+BAO+H 0 +RSD). Also Ref. [38] finds a mild pref-erence for a positive 1 and w < −1, but only when considering exclusively H 0 probes supplemented by cosmic chronometers techniques. Refs. [39, 40] analyse models of interacting vacuum energy, setting then w 0 = −1. The first work, Ref. [39] , finds that the SNIa+BAO+H(z)+LSS+Planck data favour a mild dynamical vacuum evolution 4 , while Ref. [40] uses again Planck+SNIa+BAO+H 0 data to find a strong constraint on β = 1 /3 with no evidence of a positive interaction: β = −0.00045 ± 0.00069. Therefore, constraints on IDE1 still depend widely on the chosen combination of datasets and on the data analysis technique. However, we remark that in general the claimed sensitivity on 1 of present cosmological probes is higher by at least two orders of magnitude than the forecast for eLISA we give in the present work with all other parameters fixed. Furthermore, this sensitivity may be largely improved by the time eLISA will fly, in particular with the help of the Euclid survey. The current analyses only consider models for which the interaction is present also far in the past, and we cannot therefore compare with them the case in which eLISA provides its best constraints. However, given the big discrepancy in the precision of the measurement for z i → ∞, it is likely that for IDE1 eLISA will only serve as an independent but not so sensitive mean to test the model, and possibly break degeneracies with other cosmological probes when one considers the scenario in which the interaction between dark energy and dark matter is negligible for redshift higher than some reference redshift z i .
IDE2
Standard 1σ errors for the IDE2 model are shown in Table 3 where, as usual, we have chosen the eLISA configuration N2A2M5L6. In this model we also expect a degeneracy between Ω 0 m and 2 due to the energy exchange between dark energy and dark matter and vice-versa. Table 3 shows that the degeneracy is more severe than in the IDE1 case: while the errors on all parameters are comparable with those of IDE1 when z i = 2, they are much larger when z i = 6. This is especially patent in the four-parameter model, but one can see from the table that in general IDE2 with any number of free parameter is more loosely constrained than IDE1 if z i = 6. Note in particular the two-parameter model ( 2 , Ω 0 m ), fifth row of Table 3 : in the heavy seed with delay scenario (the one with the lowest number of standard sirens), the errors are higher when z i = 6 than when z i = 2, meaning that the degeneracy is not broken contrary to what happened in the IDE1 case. This can be appreciated also from the first line of Fig. 7 , where we show the 2σ contour plots for all the two-parameter models in the three different MBHB formation scenarios. Degeneracies in the IDE2 model are further discussed in Appendix B, and in Figs. 10 and 11 of the Appendix we report marginalised contour plots for three-parameter cosmological models.
Like for EDE and IDE1, a comparison between IDE2 models with different z i is given in Fig. 8 in terms of errors on 2 and w 0 : the analysis of this figure is analogous to what discussed for IDE1.
Comparison with present constraints
The first evidence that IDE2 could be preferred by cosmological observations was presented in Ref. [41] . Subsequently Ref. [36] analysed the model of a late-time interaction between dark matter and vacuum energy, i.e. IDE2 with w 0 = −1 and 2 varying in several redshift bins. They found moderate evidence for a negative interaction ( 2 < 0) starting at z i = 0.9 from the combination of Planck, SNIa and RSD data, excluding the null interaction (ΛCDM) Table 3 . Standard 1σ errors on IDE2 parameters for N2A2M5L6. In the left table the interaction is present only up to z = 2, while in the right table it is present only up to z = 6. In each row of the table, the top sub-row shows the errors for light seeds (popIII), the central sub-row for heavy seeds with delays (Q3d) and the bottom sub-row for heavy seeds without delays (Q3nod). Blank entries mean that the corresponding parameter has been fixed to its fiducial value (exact prior).
at 99%. On the other hand, Ref. [42] considers the case of an interaction extending back in the past, z i → ∞, exclude w 0 = −1 to avoid instabilities and finds that a positive coupling with w 0 < −1 is favoured by the combination of Planck, SNIa and BAO/RSD data: they get 2 = 0.159
−0.154 at 2σ. This result is qualitatively consistent with Ref. [37] , which also excludes a zero positive interaction and finds λ 2 = 2 /3 = 0.02047 +0.00565 −0.00667 at 1σ (using also H 0 measurements), and with Ref. [43] where Planck, SNIa, BAO and H 0 data are used to get λ 2 = 2 /3 = 0.0782 +0.0377 −0.0347 at 2σ. Ref. [39] also finds evidence for a non-zero coupling (although here w 0 is fixed to -1). Conversely, Ref. [40] again finds no evidence for a nonzero interaction, as was the case for IDE1: with Planck+SNIa+BAO+H 0 data, the authors constrain β = 1 /3 to β = −0.026 +0.036 −0.053 when z i → ∞ and fixing w 0 = −1. It is important to point out that overall, the constraints and/or error bars on the IDE2 model from present observational datasets are less stringent than for the IDE1 model, because of degeneracies: for example, the same analysis applied to both models in Ref. [40] led to constraints on IDE2 that are weaker by two orders of magnitude. As we have stressed, degeneracies do degrade also the eLISA forecasts, but only by a factor of a few: we expect therefore that eLISA, in combination with other cosmological observables, will be able to improve the constraints on IDE2, in particular for those models assuming low values of z i .
Discussion and conclusion
We have presented a forecast analysis of the capabilities of the eLISA mission to constrain two alternative models of dark energy, namely early and interacting dark energy. These models have been widely studied in the literature, and previous analyses have shown the advantages of testing them using data at various redshifts, combining different observational probes such as CMB, BAO, SNIa, LSS, weak lensing, RSD. The motivation of this work resides in the fact that standard sirens with eLISA can provide access to an intermediate range of redshift 1 z 8, higher than what can be reached with SNIa and matter structure data. Furthermore, the measurement of the luminosity distance with standard sirens being given by gravitational waves, it provides an independent access to the distance-redshift relation, partly complementary to electromagnetic observations.
In the present analysis we have used the same procedure developed in [12] : we have started from simulations of the event rates of MBHB in three different models for the BH seeds, and we have used realistic scenarios for the occurrence and detection of the EM counterparts. Equipped with catalogues of standard sirens, we have selected those which are visible by different eLISA configurations setting the thresholds of SNR> 8 and sky localisation better than 10 deg 2 . These have been achieved including both the inspiral and merger and ringdown phases of the GW event (the "optimistic scenario" in [12] ). Since in Ref. [12] we demonstrated that eLISA configurations with four links are not very powerful in probing the expansion of the universe, here we concentrated only on six-link configurations. We have also fixed the duration of the mission to five years (as done in [12] ) and the noise level to the Pathfinder expected one (N2), which is justified after the success of the LISA Pathfinder mission [11] . We have therefore considered three eLISA configurations: N2A1M5L6, N2A2M5L6, N2A5M5L6.
The main result of the present analysis is that standard sirens with eLISA can be competitive in constraining EDE and IDE models if the onset of the deviation from ΛCDM (i.e. the epoch when EDE starts to be non-negligible, or when the interaction with DM begins) occurs relatively late, at z 6. Models for which the deviation from ΛCDM starts far in the past, typically before recombination, are well constrained by current cosmological probes, in particualr by the CMB; the present constraints are way better than those that can be achieved with even the best configurations of eLISA (except perhaps for the IDE2 case, depending on the analysis one compares with: c.f. discussion at the end of Sec. 3.2). On the other hand, if the deviation starts relatively late, the present observational constraints on both EDE and IDE models are highly degraded, and eLISA becomes therefore competitive in testing these scenarios.
This happens because the redshift distribution of standard sirens peaks between 2 ≤ z ≤ 4, and very few standard sirens are available at redshift larger than six. The errors on the EDE and IDE parameters beyond ΛCDM (namely w 0 , Ω e de , 1 , 2 ), when all the other cosmological parameters are held fixed, decrease with the increase of the redshift at which the deviation from ΛCDM starts. However, this occurs up to a redshift for the onset of the deviation of about six; for higher deviation redshift, the eLISA errors stabilize and do not change appreciably up to far in the radiation era. This behaviour of the errors follows the redshift distribution of the standard sirens (see appendix A) which are available for the measurement: after a redshift of about six, the number of standard sirens detected does not increase sufficiently any longer to provide a better measurement of the cosmological parameters.
We have also demonstrated, however, that this behaviour can be affected by degeneracies among the parameters, in particular among Ω 0 m and Ω e de or 1 , 2 (a degeneracy which is expected in both EDE and IDE models due to the way these parameters enter in the distanceredshift relation). If Ω 0 m is not set to its fiducial value, the errors on Ω e de or 1 , 2 increase when the redshift of the onset of the deviation from ΛCDM increases. Once again this reflects the fact that the peak of the standard siren distribution resides in the interval 2 ≤ z ≤ 4 (see appendix A): for low deviation redshift, the bulk of the MBHB standard sirens detected by eLISA effectively probes ΛCDM or dynamical dark energy (i.e. with w 0 = −1), and this in turns leads to a reduction of the errors on Ω e de or 1 , 2 . This happens especially for the models where either all four, or three parameters are free to vary. Therefore, without setting an exact prior on Ω 0 m , eLISA can only constrain models where the redshift of the onset of the deviation from ΛCDM is sufficiently low. Note however, that whenever the deviation from ΛCDM starts well after recombination, from the point of view of the eLISA analysis one can confidently use the very precise CMB measurement of Ω 0 m as an exact prior. Figure 9 . Redshift distribution of MBHB standard sirens for the three different astrophysical models considered. Numbers in the legends denote the total amount of standard sirens detected over all redshift bins.
We can therefore conclude that eLISA with six-link configurations will serve as an independent mean to test alternative models for the acceleration of the universe such as EDE and IDE, and will be able to improve the present constraints, in particular for the EDE and IDE2 models, if one considers low values of the redshift at which the deviation from ΛCDM starts. for heavy seed models. This is especially true at very low redshifts (z < 1), where there are almost no events for Q3d. Going from N2A1M5L6 to N2A5M5L6, for light seeds there is a relative gain with respect to heavy seed models in the total number of standard sirens, and a shift of the distribution peak towards higher redshift. This is due to the fact that MBHB mergers are usually less massive in light seed models and more abundant if compared with heavy seeds. The situation can be better understood looking at Table 10 of [12] . For the three best configurations, the total number of GW detections remains constant in both heavy seed models, while it greatly improves for light seeds. This happens because heavy seed mergers are more massive and thus all events can be detected already with N2A1M5L6. On the other hand light seed mergers are lighter and thus N2A1M5L6 can only detect a small part of them, while N2A5M5L6 is able to observe a larger amount. This in turn is reflected on the total number of standard sirens which, going from N2A1M5L6 to N2A5M5L6, increases in light seeds much more rapidly than in heavy seed models since more GW events are available.
B Degeneracies in three-parameter IDE models
The aim of this appendix is to visualise better the degeneracy between 1 (or 2 ) and Ω 0 m that occurs both in IDE1 and in IDE2 for the three parameter models. Fig. 10 and Fig. 11 show marginalised contour plots for the three three-parameter models where one parameter among Ω 0 m , h and w 0 has been fixed to its fiducial value and another one has been marginalised over. We set z i → ∞ since, as discussed in the main text, the degeneracy is less problematic at low z i thank to the properties of the distribution in redshift of the standard sirens outlined in the previous appendix. From the figures it appears clearly that fixing Ω 0 m breaks the degeneracy, while this does not happen in the other three-parameter models where h or w 0 have been fixed to their fiducial values. Note that for IDE2 in the marginalized (w 0 , 2 ) case, the degeneracy is perfectly aligned with the line w 0 + 2 /3 = −1. This occurs because in this model low-redshift data on the expansion of the universe can only constrain the effective DE equation of state given by w 0 + 2 /3 = −1, as explained for example in [42] , and as can be appreciated by taking the limit of small z in Eq. (3.9).
